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Nonsimilar Solution for Laminar and Turbulent
Boundary-Layer Flows over Ablating Surfaces
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A mathematical model and numerical solution of nonsimilar laminar or turbulent multicomponent chemically
reacting boundary-layer flows are presented. The general flow model and solution technique represent an extension
of a previously presented laminar flow scheme to the turbulent regime and to a broader set of boundary conditions.
The turbulent model, which includes a mixing length representation in the wall region and a constant eddy viscosity
in the wake region, represents a compressible flow adaption of a previously validated incompressible turbulent
model. Boundary conditions for the solution procedure include features which are most useful for re-entry calcula-
tions with ablation, such as direct coupling with an entropy layer, with an ablating wall or with surface injection.
Sample problems have been selected which illustrate these features, demonstrate the necessity for a nonsimilar
analysis, and validate the compressible flow turbulent model.

Nomenclature

ct = thermal diffusion constant (Ref. 4)
C = density-viscosity product normalized by reference values
Cp = frozen specific heat of the gas mixture
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Cp = gas mixture property which reduces to Cp when all diffusion
coefficients are equal (Ref. 4)

Cp. = specific heat of species i
D l = reference binary diffsion coefficient of Ref. 6
Df = multicomponent thermal diffusion coefficient for species i
Dtj = multicomponent diffsion coefficient for species i andy

' .2 = diffusion coefficient for all species when all Q){j are equal
@tj = binary diffusion coefficient for species i and j
f = stream function
h = static enthalpy of the gas
h = gas mixture property which reduces to the static enthalp)

h when all diffusion coefficients are equal
h° = heat of formation
HT = total enthalpy
jk — diffusional mass flux of element k per unit area away frorr

the surface
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K — mixing length constant
Kk total mass fraction of element (or base gas) k irrespective of

molecular configuration
/ = mixing length
m = mass flow rate per unit area
M = molecular weight of the gas mixture
P = pressure
Prt = turbulent Prandtl number
qa = diffusional heat flux (less viscous work) per unit area away

from the surface
qr = one-dimensional radiant heat flux toward the surface
r = local radius in the boundary layer in a meridian plane
r0 = local radius of body in a meridian plane
s = distance along body from stagnation point or leading edge
<Sc> == reference system Schmidt number (= pDfa/HiM)
Sct = turbulent Schmidt number
t = transverse curvature parameter
T = static temperature
u = velocity component parallel to body surface
v = velocity component normal to body surface
y = distance from surface into the boundary layer, measured

normal to the surface
Zk = a quantity for element (or base species) k which is intro-

duced as a result of the approximation for binary diffusion
coefficients and reduces to Kk when all diffusion coef-
ficients are assumed equal (see Re£ 4)

p = streamwise pressure-gradient parameter, 2(£/u1)(duJd£)
df = incompressible or velocity displacement thickness
SM = p2£M/plul, normalized turbulent eddy viscosity
r] = transformed coordinate normal to the surface
9 = angle between a surface normal and a normal to the body

centerline"
A = thermal conductivity

fi = shear viscosity
A*i» A*2> = properties of the gas mixture (Ref. 4) which reduce to unity,
u3, to ̂ and to I/ M, respectively, for assumed equal diffusion

coefficients
v = kinematic viscosity
£ = transformed streamwise coordinate
p = density
psD = average turbulent eddy diffusivity
psH = turbulent eddy conductivity
PSM = turbulent eddy viscosity [see Eq. (7)]
i = local shear stress
c/)k = "elemental" source term (see Ref. 4)

Subscripts
c = char
g = gas
i = pertains to the ith species
j = pertains to yth species
k = pertains to kth element (or base species)
w = pertains to wall
1 = reference condition (based on isentropic expansion of

reference streamline)

Superscripts ,
K = unity for axisymmetric and zero for planar bodies
' = represents partial differentiation with respect to r\

I. Introduction

BOUNDARY-LAYER flows over hypersonic vehicles are
important to a number of engineering disciplines including

vehicle, dynamics, heat shield thermodynamics, and vehicle-to-
ground communications. For many engineering design and
development purposes, relatively simple, boundary-layer estima-
tion techniques1 will suffice for the calculation of drag, heating
rates, and shape change of modern re-entry vehicles. The com-
munications engineer, however, is feced with the need for a
fairly sophisticated analysis of the vehicle boundary-layer and
flowfield before he can even begin to estimate important para-
meters such as signal attenuation due to electron and ion inter-
ference. Restricting our attention to boundary-layer procedures
accommodating general equilibrium chemistry and in which
ablation products are included in the calculation of chemical

species profiles, the laminar flow techniques of Refs. 2-4 are the
only codes described in the open literature. The purpose of this
paper is to present the extension of the work reported in Ref. 4
to turbulent boundary-layer flows, and to demonstrate the
flexibility of the method in difficult analysis situations.

The computational procedure which is described here is suitable
for obtaining accurate numerical solutions of the nonsimilar
multicompQnent laminar and/or turbulent boundary-layer with
arbitrary equilibrium chemical systems, unequal diffusion and
thermal diffusion coefficients for all species, transverse curvature,
and a variety of surface boundary conditions including kinetically
controlled or equilibrium solids-gas interface chemistry. For
chemically reacting flows, a minimum number of nodes across
the boundary-layer is desirable, since a minimum number of
chemical state solutions is then required. The solution procedure
uses splined quadrics or cubics4 to represent velocity, enthalpy,
and species concentrations between nodes which give smooth
variations of the dependent variables and their derivatives
through the boundary-layer, therefore allowing significantly
fewer nodes for a given accuracy/This advantage is particularly
valuable for turbulent boundary-layers, where the very large
gradients in the surface-normal direction would require a great
number of nodal points for an accurate solution with typical
finite difference representations. In the streamwise direction,
derivatives are expressed by ordinary implicit difference rela-
tions using linear or quadratic curvefits of the dependent varia-
bles. The resulting set of algebraic linear and nonlinear simul-
taneous equations is solved iteratively by the general Newtpri-
Kaphson technique.

This paper concentrates on the fluid mechanical aspects of
the problem but also describes the. basic numerical solution
procedure. The procedures employed for calculating the equi-
librium state of the gas and the rate-controlled reactions are
described elsewhere,5 as are the calculations of multicomponent
transport properties.6

Section II of this paper includes the entire mathematical
modeling of the boundary-lay qr flow including discussions of
the general conservation equations, turbulent flow considera-
tions, transverse curvature effects, coordinate transformations,
and boundary conditions. Section III briefly alludes to the
integral matrix method for solving the simultaneous differential
equations. Section IV presents some of the results obtained with
the program including a few comparisons with data, and Sec. V
contains concluding remarks.

II. Mathematical Model of the Boundary Layer

General Conservation Equations

The equations of motion are developed for an axisymmetric
or two-dimensional turbulent flow with transverse curvature
effects included The usual turbulent flow technique of breaking
the species, velocity, and enthalpy fields into mean and fluctuating
components, time averaging, and making appropriate order of
magnitude approximations results in the following governing
equations, where turbulent transport terms are expressed in
Boussinesq form.
Continuity :

dpurK/ds + dpvrK/dy = 0
Streamwise Momentum:
pu(du/ds) + pv(du/dy) =

(1)

-(dP/ds) (2)
' ' Elemental' ' Species :
pu(dKk/ds) + pv(dKk/dy) =

(l/i*)(d/dy) lrK(psD(dKk/dy) - jj] + (f>k (3)
Energy:

pu(dHT/ds) + pv(dHT/dy) = (l-/r*)(d/dy)W(-qa + qj] (4)
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The bifurcation approximation for binary diffusion coefficients,6
i.e., @tj = D/F'iFj, allows explicit formulation of the diffusive
flux of "element" k:

jk = -(pBuMtfZjdy + (Zfe - R&dpjdy] (5)
The term "element" (in quotes) is used to refer to those atoms or
groupings of atoms which, according to chemical stoichiometry
and equilibrium, are conserved.§ Reference 5 discusses the merits
of this approach in detail. The diffusive flux, qa, of Eq. (4) is
defined as

d(u2/.2)

_ r —

dT

Vdh_
\_dy

^ (6)

If equal diffusion coefficients are assumed, /x3 = \IJi, Cp = Cp,
H = h, and when thermal diffusion is to be neglected, ct = 0.

Equations (1-6) comprise the boundary-layer conservation
equations, including the approximations for unequal thermal
and multicomponent diffusion coefficients. The equations are
parabolic in nature, requiring specifications of the dependent
variables, their derivatives, or a linear combination thereof along
the wall (y = 0), edge of the boundary-layer, and at the initial
body station. Typical sets of boundary conditions will be dis-
cussed later in this paper. Also necessary in the mathematical
formulation of the problem is the specification of the molecular
transport properties, equation of state and equilibrium (or non-
equilibrium) relations for the multicomponent gas, and a des-
cription of the eddy viscosity, conductivity, and diffusivity. The
molecular transport properties, equation of state, and equili-
brium relations are discussed in Refs. 5 and 6. The turbulent flow
model is discussed in the next subsection.

Turbulence Model

The boundary-layer flow is divided into a wall region and a
wake region. A mixing length formulation for turbulent shear
stress was chosen for the wall region, since it appears to offer
the most accuracy and flexibility for flows with injection arid
suction.7'8 The basic mixing length postulate used in the wall
region is

<(pf?)V> = pl2(du/dy)2 = peM(du/dy) (wall region) (7)
where / is the mixing length and is related to the scale of turbu-
lence. Prandtl chose to set I equal to Ky, or

dl/dy'=K,const (8)
for the low speed flows which he investigated. It has been shown7

that the Reichardt-Elrod criterion9'10 will be satisfied if
lim / = 0 (9a)
j,->0

lim — = 0 (9b)
y-*o dy

Assuming that the rate of increase of mixing length is propor-
tional to the difference between the value postulated by Prandtl
(Ky) and its actual value results in

-dy
(10)

a relation which satisfies Eq. (9) and asymptotically approaches
Eq. (8). The rate of increase of mixing length is assumed to be
augmented by the local shear and retarded by the local viscosity.
The resulting mixing length differential equation

has been examined in detail for incompressible flows.7'11 For
compressible flows, one can logically derive a similar differential

§ Equal in number to the number of molecular species less the
number of independent equilibrium relations. .

equation by dealing with the mass of an eddy and the total mass
available. This results in the mixing length equation

P dy
which was used in the current analytical procedure. The constants
K and y+ have been left unchanged.

In the wake portion of the boundary-layer, a constant eddy
viscosity model is used. Clauser's12 equilibrium boundary-layer
expression

SM = 0.018 u^Sf (wake region) (13)
was taken as appropriate with the use of the incompressible or
kinetic form for the displacement thickness. A satisfactory tech-
nique for choosing the correct % expression at any body station
is to use the wall region expression, Eq. (7), until SM exceeds the
wake value, at which point SM is held constant at the wake value
for the remainder of the boundary-layer thickness. Eddy conduc-
tivity and diffusivity are established by the definition of constant
turbulent Prandtl and Schmidt numbers:

Prt = sM/£H9 Sct = sM/sD (14)
A prespecified Reynolds number on momentum thickness,

Re0, is currently used to trigger transition. Once the transition
value for Ree is exceeded, turbulent transport properties are
immediately brought into the equations of motion. Being a
nonsimilar solution, the influence of the upstream laminar
profile is felt for some distance downstream. A transition region
intermittency model could also be added to the code; however,
this change has not been made due to lack of agreement within
the boundary-layer community on a realistic model.

Coordinate Transformation
A modified Levy-Lees transformation is used to bring the

equations of motion to a more convenient form

pr«dy

=
Jo

(15)

(16)

The modification of the r\ coordinate by the addition of % allows
the boundary-layer thickness to be held constant in the solution
plane.4 A stream function / satisfies the global continuity equa-
tion automatically:

/-•/« = «•. PIT* <1?)
pwvw (18)

The coordinate transformation then results in the following
forms for the streamwise momentum equation*

the energy equation

(20)

and the "elemental" species equation

(21)

* It should be noted that the reference conditions (p l5 ult etc.) aje
based on the isentropic expansion of a reference streamline to the
local pressure and are not necessarily representative of the edge state.
This maintains the validity of the Bernoulli relation between the
pressure and reference velocity gradients implied by the introduction
of .p..



SEPTEMBER 1972 BOUNDARY-LAYER FLOWS OVER ABLATING SURFACES 1233

where the normalized diffusive energy flux becomesv-rc.+* T'4

(h-h

L - u\ + -£ r + —(/i'- cDr) (22)
Prt Sct J

diffusive flux of the /cthand the normalized molecular
"elemental" species is

% = -(C/aH<Sc»[Zi + (Zk - £tK] (23)
In these equations the transverse curvature effect is included
entirely in the coordinate transformation and in the definition
of f|

rV p 1
~J 0 p

The turbulent model equations are transformed in a similar
fashion.

Boundary Conditions

The usual set of boundary conditions for the boundary-layer
flow problem consists of the specification of initial profiles for
the dependent variables /', HT, and Kk9 plus additional speci-
fications of these quantities along the wall and at the edge of the
boundary-layer, and the specification offw along the wall. How-
ever, since the main utilization for the technique presented here
is to compute boundary-layer properties for flows over ablating
or transpired surfaces (heat shields, rocket nozzles, etc.), these
boundary conditions have been greatly generalized The numer-
ous options resulting from this generalization are discussed
below.

Boundary-layer edge conditions may be found by several
techniques. For analyses of the region near a stagnation point,
the specification of the stagnation pressure and enthalpy and
the generation of an isentropic expansion to prespecified edge
pressures is often satisfactory. The technique which is most
useful for analyses of long re-entry bodies consists of prespecify-
ing entropy as a function of stream function. The program then
determines its own correct boundary-layer edge condition based
on the latest interated value for the stream function at the
boundary-layer edge. The isentropic expansion option will be
demonstrated in a sample problem presented later in this paper.

Initial profiles of/', HT, and Kk are most difficult to establish
for the general problem; therefore, calculations are often started
with reasonable assumed profiles far upstream of the region of
interest so that effects of these assumptions will die out. An-
other possibility for initially laminar problems is to assume a
similar solution as a starting profile. This assumption reduces
the equations to ordinary differential equations at the starting
point, which may be solved simultaneously for a set of profiles
unique to the assumed edge and wall state. The initially similar
solution is exact at a body stagnation point; therefore, this
option is particularly valuable for blunt body problems.

Practical boundary-layer problems involving ablation or
transpiration demand a broad range of surface boundary con-
ditions specifications. These may include (in addition to the
no-slip velocity constraint, fa = 0) a) assigned mass fluxes of
transpired or ablated components; b) surface equilibrium
between a surface and the adjacent gases; c) kinetically controlled
surface mass removal based on the composition of the gas phase
species at the wall; d) quasi-steady energy balances at the sur-
face; e) assigned surface temperature; f) assigned surface energy
accommodation.

Any physically valid combination of these specifications can
be accommodated by the program. For example, the transpired
coolant rate required to maintain a nonablating surface at a

2.5

2.0

1.5

BROTT, ET AL., 10 ATM
10.2 ATM
762°R
3.93-4.56
2633-2719 FT/SEC
556°R

'Taw =0.82

O BROTT'S DATA
—— ZERO START BLIMP

SOLUTION
—— DATA START BLIMP

SOLUTION, STARTED
= 3.917 FT

Fig. 1 Velocity ratio profiles for hypersonic, negative pressure gradient
flow.

specified temperature uses conditions d and e. Quasi-steady
equilibrium ablation solutions use b and d; adiabatic, imper-
meable, nonreacting wall solutions use a, zero flux, and f. The
adaptability of the program to this range of boundary conditions
has permitted its use for a number of fundamental studies,14'15

as well as the evaluation of a range of thermal protection concepts.

III. Solution Procedure

The equations of motion are solved by a technique which can
be classified as an integral strip method, since the governing
partial differential equations are integrated across boundary-
layer strips. This technique has been presented in detail in Ref. 4;
therefore, it will be reviewed only briefly here.

The equations are transformed to ordinary differential equa-
tions by the introduction of implicit, finite difference expressions
for the streamwise derivatives. The ordinary differential equa-
tions are transformed to algebraic form by defining boundary-
layer strips (or nodes), sampling the dependent variables and
their derivatives only at these nodes, and writing Taylor series
equations relating these dependent variables to their derivatives.
Rather than use finite difference expressions, however, a cubic
polynomial for the primary variable is assumed between each
pair of node's,. thus allowing the Taylor series equations to be
truncated appropriately. The final step in the treatment of the
conservation equations is their integration across the boundary-
layer strips. The primary reason for this integration is to simplify
the ^-derivative terms in the energy and species conservation
equations, since it is not convenient to express the complex
q* and j% terms in any other form. The set of simultaneous
algebraic equations, which now includes the Taylor series, the
conservation equations, and the boundary conditions, is solved
by general Newton-Raphson iteration. Typically, 3 to 6 iterations
are required to reach a satisfactory solution at each body station,
at approximately one second per iteration on modern computers.

O BROTT'S DATA
— ZERO START BLIMP

SOLUTION
—— DATA START BLIMP

SOLUTION, STARTED
= 3.917 FT

BROTT, ET AL., 10 ATM
10.2 ATM
762°R
3.93-4.56
2633-2719 FT/SEC
556°R

TwAaw = 0.82

t This contrasts to Ref. 13 where t is defined as (r/r0)2 — 1.

y ( I N C H E S )

Fig. 2 Linear-log velocity ratio profiles for hypersonic, negative
pressure gradient flow.
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Fig. 3 Skin-friction coefficient for hypersonic, negative pressure
gradient flow.
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Fig. 5 Total temperature ratio profiles for flow with step-up in wall
temperature.

IV. Sample Problems
The success of this flow model and computer solution techni-

que for incompressible flow problems is well documented.7'11

In the present paper, sample problems were selected to demon-
strate the accuracy of the solution technique for compressible
flows and to demonstrate the use of the technique in ablation
problems.

Accelerating Nozzle Flow Case

The experimental investigations of Brott et al.16 were per-
formed in the Naval Ordnance Lab. Mach 5 boundary-layer
channel, which is a two-dimensional half nozzle with a flexible
wall forming the nozzle. Boundary-layer measurements were
made on the opposite, flat wall with moderate heat transfer to
the wall controlled by circulating wall coolant. Instrumentation
used in these tests included total and static pressure probes,
equilibrium (recovery) temperature probe, thermocouple probe,
skin friction balances, and wall heat flux gages.

Two different all-turbulent flow predictions were prepared for
the Brott data One of these, the "zero start" solution, was
started with an assumed profile at the nozzle throat (x = 0),
and made use of the reported pressure distribution along the
entire nozzle. The other (data start) solution used the reported
experimental data profiles at x = 47 ia as initial profiles and
marched on from there. The results are shown in Figs. 1-3.
Figure 1 presents predicted velocity profiles and experimental
data at four stations along the nozzle. The zero start and data
start profile predictions are seen to approach one another in
shape by the last data station. Both forms of prediction tend to
overpredict velocity by as much as 15% up to velocity ratios of
0.9, then underpredict in the far wake region. This can be seen
more clearly in the logarithmic plot of Fig. 2. The data points
very near the wall are thought to be incorrect due to wall inter-
ference and low probe Reynolds number effects. Figure 3 indi-
cates the drag coefficient data and prediction agreement, which
is seen to be very good. The wiggle in the data start curve is due
to adjustments from the input data profile.

0.7
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Step in Wall Temperature Case
Recent experiments,17'18 run at AEDC Supersonic Wind

Tunnel "A" under the direction of TRW Systems Group person-
nel, form the basis for the next comparisons. The test model was a
20-in. i.d., 49.5 in. long hollow cylinder aligned with the flow. A
400°F step in wall temperature was made between the 23.0 and
24.0 in. stations by changing the wall coolant from liquid nitrogen
to water at this point Instrumentation for these tests included
total and static; pressure probes, stagnation temperature probe,
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Fig. 4 Velocity ratio profiles for flow with step-up in wan temperature.

Fig. 6 Calculated distributions of a) momentum transfer coefficient,
b) momentum thickness Reynolds number, c) surface temperature and

d) surface recession rate.
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Fig. 7 Velocity profiles at several stations.

hot wire anemometer, surface temperature thermocouples, Gar-
don heat transfer gages, and Stanton tubes. These experiments
were selected as a good sample problem since they illustrate the
relaxation of the thermal boundary-layer downstream of the
temperature step in a Mach 4 flow.

Velocity and total temperature profiles are shown in Figs. 4
and 5. Velocity prediction is much improved for this case. Of
particular interest is the prediction of temperature in the vicinity
of the wall temperature jump. Included in Fig. 5 are shaded data
points, reported in Ref. 18, which represent interpolated data and
must be treated as approximate. Based upon the actual measured
data (open symbols), the prediction technique does a good job
of describing the response of the boundary-layer to a jump in
wall temperature.

Sphere-Cone Configuration with Laminar and Turbulent Flow
A final sample problem was selected which demonstrates the

use of the program as an ablation prediction tool and also
includes flow transition from a laminar to a turbulent state. No
experimental profile data are included, since none are available
for graphite ablation problems. The configuration chosen was
a 0.500-in. nose radius, 7.5° half angle sphere-cone consisting of
three surface materials: graphite, pyrolytic boron nitride, and
phenolic carbon. Graphite was the surface material from 5 = 0
to 0.0268 ft, then boron nitride to s = 0.0600 ft, with phenolic
carbon over the remainder of the surface. Stagnation conditions
were representative of a single time in a severe re-entry trajectory
with P0 = 242 atm, H0 = 5520 Btu/lb. A total surface running
length of 5.0164 ft was analyzed in this problem, which required
29 body stations and thirteen nodes through the boundary-layer.
For this sample problem, the option of a quasi-steady energy
balance at the wall was used, in addition to demanding surface
chemical equilibrium, for all three surface materials. The program
then calculates its own ablation rate, wall species concentrations,
and temperature levels based on the energy balance and chemical
equilibrium requirements.

The calculation was started at the stagnation point and an
isentropic expansion was assumed. The flow was allowed to
transist at Ree = 250. Figure 6a illustrates the distribution of
Cf/2 over the first 0.30 ft of surface running length. As can be
seen in the Cf/2 distribution, transition occurred between
S = 0.0268 and S = 0.0323 ft. The distribution of Reynolds
number on momentum thickness may be seen in Fig. 6b. Figure
6c illustrates the wall temperature distribution that results from
the steady state energy balance and surface equilibrium assump-
tion, and Fig. 6d illustrates the calculated quasi-steady surface
recession rate.

Profile information for this problem is particularly interesting
since both boundary-layer-transition and surface-material chan-
ges occur over the forward portion of the body. Velocity profiles
are presented in Fig. 7. The body stations selected include the
stagnation point (0.0 ft), flow just ahead of transition (0.02681 ft),
flow just after transition which happens to be over the boron
nitride just past the C-BN discontinuity (0.03231 ft), and flow
over the phenolic carbon just past the BN-phenolic carbon
discontinuity (0.06273 ft). The first two profiles are clearly laminar

in nature, whereas the third is more transitional. The last profile
appears to have the shape of a fully turbulent flow. This gradual
evolution of a turbulent shape occurs because the turbulent
transport terms in the equations of motion are small in the
vicinity of the transition point. Species concentration profiles
for the same four stations are presented in Figs. 8a-8d. It is
interesting to observe that the region of greatest chemical inter-
action appears to shrink further and further away from the outer
edge of the boundary-layer as the flow progresses downstream.
This is consistent with the knowledge that the laminar sublayer
grows at a slower rate than the turbulent core flow. Another
interesting feature of these species profiles is shown in Fig. 8d,
where it can be seen that a significant mole fraction of boron
compounds persists in the boundary-layer, although the flow is
adjacent to a phenolic carbon surface at that station. A total of
60 species was considered in this problem, but only those
exhibiting a mole fraction greater than 0.001 somewhere in the
boundary-layer are shown graphically.
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Fig. 8 Species concentration profiles at a) S = 0.0 ft, b) S = 0.0268 ft,
c)S = 0.0321 ft, and d) S = 0.0673 ft.
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V. Conclusions

The purpose of this paper has been to present a sophisticated
analysis technique for laminar or turbulent multicomponent
boundary-layer flows with difficult boundary conditions, gener-
ally resulting from ablation or transpiration at the boundary.
The numerical solution procedure includes physically realistic
combinations of wall boundary conditions, including equilibrium
or nonequilibrium heterogeneous chemical reactions and energy
balances at the wall Boundary-layer edge conditions permit
precise inclusion of entropy-layer effects. In its present formula-
tion, the program is ideally suited for the engineer who needs
detailed boundary-layer information for a variety of wall-
material—fluid combinations. The code has also proved to be
very valuable in developing engineering correlations suitable for
design and tradeoff studies.15 The compressible turbulent model
within the code is an adaption of a previously verified incom-
pressible model Comparisons with compressible flow data
support this model and the three original (and invariant) model
constants.
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